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<N ; Abstract 

By replacing the category of smooth vector bundles over a manifold 

C/^ I with the category of what we call smooth Euclidean fields, which is 

ly-^ ' a proper enlargement of the former, and by considering smooth ac- 

CN . tions of Lie groupoids on smooth Euclidean fields, we are able to prove 

^[ a Tannaka duality theorem for proper Lie groupoids. The notion of 

f-H ' smooth Euclidean field we introduce here is the smooth, finite dimen- 

■ sional analogue of the usual notion of continuous Hilbert field. 

g : Introduction 

^ ■ Classical Tannaka-Krein duality theory leads to the result that a compact 

^ ■ group can be reconstructed from a purely discrete, algebraic object, namely 

^ . the ring of its continuous finite dimensional representations or, more pre- 

! cisely, the algebra of its representative functions. Compare [2]. The same 

'nI" I theory can be efficiently recast in categorical terms. This alternative point 

0> ' of view on Tannaka duality stems from Grothendieck's theory of motives in 

^ ■ algebraic geometry [lH El [5]. In this approach one starts by considering, 

O ■ for an arbitrary locally compact group G, the category formed by the con- 

>■ ! tinuous representations of G on finite dimensional vector spaces, endowed 

I with the symmetric monoidal structure arising from the usual tensor prod- 

' uct of representations, and then one tries to recover G as the group of all 

■ — ' tensor preserving natural endomorphisms of the standard forgetful functor 

which assigns each G-module the underlying vector space. See for instance 
[9]. When G is a compact Lie group, in particular, it follows that G can be 
reconstructed in this way up to isomorphism, as the C°° manifold structure 
of a Lie group is determined by the underlying topology. 

It is natural to ask for a generalization of the aforesaid duality theory to 
the realm of Lie groupoids, in which proper groupoids are expected to play 



*During the preparation of this paper, the author was partially supported by a grant 
of the foundation "Fondazione Ing. Aldo Gini". 



1 



the same role as compact groups. When trying to extend Tannaka theory 
from Lie groups to Lie groupoids, however, one is first of all confronted with 
the problem of choosing a suitable notion of representation for the latter. 
Now, the notion of smooth or, equivalently, continuous finite dimensional 
representation has an obvious naive generalization to the Lie groupoid set- 
ting: the representations of a Lie groupoid Q could be defined to be the Lie 
groupoid homomorphisms Q GL{E) of Q into the linear groupoids associ- 
ated with smooth vector bundles over its base manifold. Unfortunately, this 
naive generalization turns out to be inadequate for the purpose of carrying 
forward Tannaka duality to Lie groupoids, cfr [El [HI [8]. This state of affairs 
forces us to introduce a different notion of representation for Lie groupoids. 
It seems reasonable to require that the new notion should be as close as 
possible to the naive notion recalled above, and that moreover in the case 
of groups one should recover the usual notion of smooth representation on a 
finite dimensional vector space. 

In this paper we work out the problems raised in the preceding para- 
graph. To begin with, we construct, for each smooth manifold X, a category 
whose objects we call smooth Euclidean fields over X. Our notion of smooth 
Euclidean field is the analogue, in the smooth and finite dimensional setting 
we confine ourselves to, of the notion of continuous Hilbert field introduced 
by Dixmier and Douady p]. The category of smooth Euclidean fields over 
X is, for every paracompact manifold X , a proper enlargement of the cat- 
egory of smooth vector bundles over X. One can straightforwardly define 
a notion of representation of a Lie groupoid on a smooth Euclidean field; 
such representations form, for each Lie groupoid Q, a symmetric monoidal 
category which is connected to the category of smooth Euclidean fields over 
the base manifold of ^ by a canonical forgetful functor. From this func- 
tor we obtain, by generalizing the construction mentioned at the beginning, 
a groupoid. This "reconstructed" groupoid — the Tannakian groupoid of Q, 
as we call it — comes equipped with a natural candidate for a differentiable 
structure on its space of arrows, namely a sheaf of algebras of continuous 
real valued functions stable under composition with arbitrary smooth func- 
tions of several variables. A space endowed with such a structure constitutes 
what we call a C°°-space. There is a canonical homomorphism of Q into 
its Tannakian groupoid, which proves to be also a morphism of C°°-spaces. 
Now, our duality result (Theorem 18.91) can be stated as follows: 

Theorem For a proper Lie groupoid Q , the canonical homomorphism 
of Q into its Tannakian groupoid is an isomorphism of both groupoids 
and C°°-spaces. It follows that the Tannakian groupoid itself is a Lie 
groupoid, isomorphic to Q. 
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Our argument is complementary to the proof of the classical Tannaka duality 
theorem. Most efforts are directed towards showing how the classical theo- 
rem implies the surjectivity of the above-mentioned canonical isomorphism 
and then towards establishing the claim about the C°°-space structure. By 
contrast, the fact that the canonical homomorphism is injective is a direct 
consequence of a theorem of N. T. Zung [2^; Zung's theorem may in fact be 
regarded as a Peter- Weyl theorem for proper Lie groupoids. Compare p^. 

Many of the reasonings leading to our duality theorem, although of course 
not all of them, also apply to the representations of proper Lie groupoids 
on vector bundles. Since from the very beginning of our research we were 
equally interested in studying such representations, we found it convenient to 
provide a general theoretical framework where the diverse approaches to the 
representation theory of Lie groupoids could take their appropriate place, so 
as to state our results in a uniform language. The outcome of this demand 
was the theory of smooth tensor stacks. Smooth vector bundles and smooth 
Euclidean fields are two examples of a smooth tensor stack. Each smooth 
tensor stack gives rise to a corresponding notion of representation for Lie 
groupoids, and then for each Lie groupoid one obtains, by the same general 
procedure outlined above, a corresponding Tannakian groupoid. What this 
groupoid looks like will depend very much, in general, on the initial choice 
of a smooth tensor stack, as we pointed out already in the course of this 
introduction. 

Acknowledgements. The problem of proving a Tannaka duality the- 
orem for proper Lie groupoids was originally suggested to the author by 
I. Moerdijk, who also made several useful remarks on an earlier draft of this 
paper. Besides, the author would like to thank M. Crainic and N. T. Zung 
for helpful discussions. 
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1 Proper Lie Groupoids 



The present section is introductory. Its purpose is to recall some background 
notions and to fix some notation that we will be using throughout the paper. 
The reader is advised to consult [HI [T], [3l EH] for reference; other sources 
include [17\ and 

The term groupoid refers to a small category where every arrow is invertible. 
A Lie groupoid can be approximately described as an internal groupoid in 
the category of smooth manifolds. To construct a Lie groupoid Q one has to 
give a pair of manifolds of class C°° Q'-"^ and respectively called manifold 
of objects and manifold of arrows, and a list of smooth maps called structure 
maps. The basic items in this list are the source map s : and the 

target map t : Q'-'^^ — > which have to meet the requirement that the fibred 
product Q'-^^ = Q^^^XtQ^^^ exists in the category of C°° manifolds. Then one 
has to give a composition map c : — > a unit map u : Q^'^^ and 

an inverse map i : Q'^^^ —>■ for which the familiar algebraic laws must be 
satisfied. 

Terminology and Notation: The points x = s{g) and x' = t{g) are resp. 
called the source and the target of the arrow g. We let Q{x,x') denote the 
set of all the arrows whose source is x and whose target is x', and we use 
the abbreviation for the isotropy or vertex group Q{x,x). Notationally, 
we will often identify a point x G Q'^"^ and the corresponding unit arrow 
u{x) e Q^^\ It is costumary to write g' ■ g ov g'g for the composition c{g',g) 
and g~^ for the inverse i{g)- 

Our description of the notion of Lie groupoid is still incomplete. It turns 
out that a couple of additional requirements are needed in order to get a 
reasonable definition. 

Recall that a manifold M is said to be paracompact if it is Hausdorff 
and there exists an ascending sequence of open subsets with compact closure 

oo 

■ ■ ■ d Ui C U i C Ui+i C ■ ■ ■ such that M = U f/j. A Hausdorff manifold is 

paracompact if and only if it possesses a countable basis of open subsets. Any 
open cover of a paracompact manifold admits a locally finite refinement. Any 
paracompact manifold admits partitions of unity of class C°° (subordinated 
to open covers). 

In order to make the fibred product Q^^\xtG^^^ meaningful as a manifold 
and for other purposes related to our study, we shall include the following 
additional conditions in the definition of Lie groupoid: 

1. The source map s : ^'^^ ^'"^ is a submersion with Hausdorff fibres; 

2. The manifold is paracompact. 
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Note that we do not require the manifold of arrows Q^^^ to be Hausdorff 
or paracompact. Actually, this manifold is neither Hausdorff nor second 
countable in many examples of interest. The first condition implies at once 
that the domain of the composition map is a submanifold of the Cartesian 
product t/*^^ X and that the target map is a submersion with Hausdorlf 
fibres. Thus, the source fibres Q{x, -) = s~^{x) and the target fibres Q{-, x') — 
t~^{x') are closed Hausdorff submanifolds of Q^^^ . A Lie groupoid Q is said 
to be Hausdorff if the manifold Q'^^^ is Hausdorff. 

Some more Terminology: The manifold is usually called the base of 
the groupoid Q. One also says that ^ is a groupoid over the manifold Q^°\ 
We shall often use the notation = G{x,-) = s~^{x) for the fibre of the 
source map over a point x e More generally, we shall write 

(1.1) g{s,s') = {ge g^'> : s{g) e 5 & t{g) e s'}, g\s = g{s,s) 

and = g{S, -) = g{S, g^°^) = s-\S) for all subsets S, S' c g^°K 

Example: Let G be a Lie group acting smoothly (from the left) on a 
manifold M. Then the action (or translation) groupoid G k M is defined 
to be the Lie groupoid over M whose manifold of arrows is the Cartesian 
product G X M, whose source and target maps are respectively the projection 
onto the second factor {g, x) ^ x and the action {g, x) i— > gx, and whose 
composition law is the operation 

(1-2) {g',x'){g,x) = {g'g,x). 

There is a similar construction M x G associated with right actions. 

A homomorphism of Lie groupoids is a smooth functor. More precisely, 
a homomorphism (p : g ^ H consists of two smooth maps (p'-°^ : g^°^ — > Ti^°^ 
and </?*^^ : g'-^^ — > H^^^ compatible with the groupoid structure in the sense 
that s o = ^(0) o 5, to ifW = o t and ip'^''^{g' ■ g) = (p'-'^g') ■ p''\g). 
Lie groupoids and their homomorphisms form a category. A homomorphism 
(fi : g ^ H is said to be a Morita equivalence when 



gm 1 ^jiw 



(1.3) 



{s,t) 



<^(o)xv>(o) 

^(0) X gm — ^ n'^") X 



is a pullback diagram in the category of C°° manifolds and the map 

(1.4) tHopr,:g^°\,o,x^n''' ^n'°^ 

is a surjective submersion. 
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There is also a notion of topological groupoid. This is just an internal 
groupoid in the category of topological spaces and continuous mappings. In 
the continuous case the definition is much simpler, since one need not worry 
about the domain of definition of the composition map. With the obvious 
notion of homomorphism, topological groupoids constitute a category. 

Let ^ be a Lie groupoid and let x be a point of its base manifold 
The orbit of Q (or ^-orbit) through x is the subset 

(1.5) gx = g-x = i(6?") = {x' G g'"^\3g ■. x ^ x'}. 

Note that the isotropy group g\x acts from the the right on the manifold g^. 
This action is clearly free and transitive along the fibres of the restriction of 
the target map to g^. The following facts hold, cfr [H] p. 115: (a) g{x,x') 
is a closed submanifold of (b) = g\x sl Lie group (c) the ^-orbit 
through X is an immersed submanifold of g^°^ and the target map t : g^ ^ 
gx determines a principal Gx-hund\e over it (the set gx can obviously be 
identified with the homogeneous space g^/Gx, and it can be proved that 
there exists a possibly non-Hausdorff manifold structure on this quotient 
space such that the quotient map turns out to be a principal bundle). 

1.1. -Spaces. Recall that a functionally structured space is a topological 
space X endowed with a sheaf ^ of real algebras of continuous real valued 
functions on X (functional structure). Compare for instance p], p. 297. 
There is an obvious notion of morphism for such spacesQ 

Let ^ be an arbitrary functional structure on a topological space X. 
We shall let denote the sheaf of continuous real valued functions on X 
generated by the presheaf 

(1.6) U ^ {/(ailf/, . . . , ad\u) : / : ^ R of class C°°, 

ai,...,arf e ^(f/)}. 

Here the expression f{ai\u, • • • , ad\u) stands of course for the function u 
f (^ai(u) , . . . , ad{u)) on U. The pair (X, ^°°) constitutes a functionally struc- 
tured space to which we shall refer as a C°° functionally structured space or, 
in short, C"^ -space. More correctly, a C°°-space is a functionally structured 
space (X,^) such that ^ = Observe that smooth manifolds can be 

^Algebraic geometers would say that a morphism of functionally structured spaces is a 
(continuous) mapping inducing a morphism of (locally) ringed spaces. 

more general notion of "C°°-ring" was introduced by Moerdijk and Reyes in the 
context of smooth infinitesimal analysis |16[ [T7] . What we are considering here is a special 
instance of that notion, namely a C°°-ring of continuous functions on a topological space. 
For simplicity, we choose to work within the subcategory of such C°°-rings. 
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defined as topological spaces endowed with a C°° functional structure locally 
isomorphic to that of smooth functions on R". C°°-Spaces have, in general, 
better categorical properties than smooth manifolds. Note that the latter 
form, within C°°-spaces, a full subcategory. 

1.2. C°°-Groupoids. Let us start by observing that if (X, J^) is a C°°-space 
then so is {S,,^\s) for any subspace S of X, where = is*-^ denotes 
the inverse image of ^ along the inclusion is '■ S '-^ X. [Recall that, for 
an arbitrary continuous mapping f : S ^ T into a functionally structured 
space (T, ^), f*3^ denotes the functional sheaf on S formed by the functions 
which are locally the pullback along / of functions in ^.] 

We note next that if (X, ^) and (Y, ^) are two functionally structured 
spaces then so is their Cartesian product endowed with the sheaf ^ 
locally generated by the functions (v? ® ■ilj){x,y) = ip{x)ip{ii). It follows that 
(^°° ® (^oo)oo ^ (joo functional structure on X x y turning this into the 
product of (X, ^°°) and (Y, in the category of C°°-spaces. The pre- 
ceding considerations imply that the category of C°°-spaces is closed under 
fibred products (pullbacks). Notice that when X and Y are smooth manifolds 
and S' C X is a submanifold one recovers the correct manifold structures, 
so that all these constructions for C°°-spaces agree with the usual ones on 
manifolds whenever the latter make sense. 

We shall use the term C°°-groupoid to indicate a groupoid whose sets of 
objects and arrows are each endowed with the structure of a C°°-space so that 
all the maps arising from the groupoid structure (source, target, composition, 
unit section, inverse) are morphisms of C°°-spaces. The base space X is 
always a smooth manifold in practice, with C°° functional structure given 
by the sheaf of smooth functions on X. Every Lie groupoid is, in particular, 
an example of a C°°-groupoid. 

A Lie (or topological or C°°) groupoid Q is said to be proper if Q is 
Hausdorff and the combined source-target map (s, t) : — > x 
is proper (in the familiar sense: the inverse image of a compact subset is 
compact). When ^ is a proper Lie groupoid over a manifold M, every Q- 
orbit is in fact a closed submanifold of M. 

Normalized Haar systems on proper Lie groupoids are the analogue of 
Haar probability measures on compact Lie groups. We now recall the defi- 
nition and the construction of Haar systems on proper Lie groupoids. Our 
exposition is based on [3]. Let ^ be a Lie groupoid over a manifold M. 

1.3 Definition A positive Haar system on ^ is a family of positive Radon 
measures {fJ^^} {x G M), each one supported by the respective source fibre 
= G{x,-) = s^^{x), satisfying the following conditions: 
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i) / V9 dfi^ > for all nonnegative real ip G Cc°°{Q^) with (p ^ 0; 

ii) for each ip G Cc°°(^*^') the function $ on M defined by setting 

(1.7) = / ip\g. d^f 
is of class C°°; 

iii) (right invariance) for all g G Q{x,y) and (f G Cc°°(^^) one has 

(1.8) [ ipOT3d^y= [ ifidfJ.'' 

Jgy Jgx 

where : Q{y,-) — > denotes right translation h ^ hg. 

The existence of positive Haar systems on a Lie groupoid Q can be es- 
tablished when Q is proper. One way to do this is the following. One starts 
by fixing a Riemann metric on the vector bundle g M, where g is the 
Lie algebroid of Q (cfr [3] or Chapter 6 of [I4j; note the use of paracom- 
pactness). Right translations determine isomorphisms TQ{x,-) ~ ^*0|g(a;,-) 
for all X G M. These isomorphisms can be used to induce, on the source 
fibres Q{x,-), Riemann metrics whose associated volume densities provide 
the desired system of measures. 

1.4 Definition A normalized Haar system on ^ is a family of positive 
Radon measures {/i^} (x G M), each one with support concentrated in the 
respective source fibre , enjoying the following properties: (a) All smooth 
functions on are integrable with respect to /x^, that is to say 

(1.9) C°°(g") C Li(/i") 

(b) Condition ii), respectively iii) of the preceding definition holds for an 
arbitrary smooth function (f on respectively (c) The following nor- 
malization condition is satisfied: 

i*) J djji^ = 1 for every x G M. 

Every proper Lie groupoid admits normalized Haar systems. One can 
prove this by using a cut-off function, namely a positive, smooth function 
c on the base M of the groupoid such that the source map restricts to a 
proper map on supp cot and /cot du^ = 1 for all x G M, where {i^^ } is 
an arbitrary positive Haar system chosen in advance. The system of positive 
measures fi^ = {co t) will have the desired properties. 
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1.5. Zung's theorem. Let ^ be a Lie groupoid and let M be its base manifold. 
We say that a submanifold of M is a slice at a point z E N if the orbit 
immersion ^2; M is transversal to at 2;. A submanifold of M will be 
called a slice if it is a slice at all of its points. Note that if A^ is a submanifold 
of M and g G = s~^{N) then A^ is a slice at z = s{g) if and only if the 
intersection Q'^ fl t~^{z'),z' = t{g) is transversal at g. From this remark it 
follows that for each submanifold A^ the subset of all points at which A^ is 
a slice forms an open subset of A^. If a submanifold S' of M is a slice then 
the intersection s~^{S) fl ^"^(5*) is transversal, so that the restriction is 
a Lie groupoid over S; moreover, ^ ■ 5* is an invariant open subset of M. For 
the proof of the following result, we refer the reader to [20j. 

Theorem (N. T. Zung) Let Q be a proper Lie groupoid. Let x be a 
base point which is not moved by the tautological action of Q on its own 
base. Then there exists a continuous linear representation G GL(y) of 
the isotropy group G = Q\x on a Gnite dimensional vector space V such 
that for some open neighbourhood U of x one can hnd an isomorphism 
of Lie groupoids Q\u ^ G t< V which makes x correspond to zero. 

Remark: Consider two slices S, S' in M with, let us say, dim S ^ dim S'. 
Suppose g G Q{S,S'). Put x = s{g) G S and x' = t{g) G S'. It is not 
difficult to see that there is a smooth target section r : B ^ Q^^'' defined over 
some open neighbourhood B of x' in S' such that t{x') = g and the composite 
map SOT induces a submersion of B onto an open neighbourhood of x in S. 
Thus, when Q is proper, it follows from the preceding theorem that for each 
point X E M there are a finite dimensional linear representation G — > GL{V) 
of a compact Lie group G and a ^-invariant open neighbourhood f/ of a; in 
M for which there exists a Morita equivalence l : G t< V "-^ Q\u such that 
^(0) : f/ is an embedding of manifolds mapping the origin of V to x. 

2 The Language of Tensor Categories 

This section consists of two parts. The first one contains a rather concise 
account of some basic standard categorical notions, a detailed exposition of 
which can be found for example in [EIEIE]. In the second part, and precisely 
from §2.2l onwards. we establish a couple of fundamental propositions for later 
use in the proof of our reconstruction theorem (Theorem 18.91) . 

A tensor structure on a category C consists of the following data: 

(2.1) a bifunctor ® : C x C — > C, a distinguished object 1 G Ob(C) 
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and a list of natural isomorphisms, called ACU constraints, 

aR,s,T : RS{SST) ^ {R0S)0T, 

(2.2) 'yn^s- R(^S ^ SSR, 

\r : R ^ 1 S R and Pr : R ^ R S 1 

satisfying MacLane's "coherence conditions" (cf. for example MacLane [T2] . 
pp. 157 ff. and especially p. 180 for a detailed account). A tensor category is 
a category endowed with a tensor structure. In the terminology of [12], the 
present notion corresponds to that of "symmetric monoidal category". The 
natural isomorphism a, resp. 7 is called the associativity, resp. commutativity 
constraint; A and p are called the (tensor) unit constraints. 

In practice, we shall deal exclusively with "complex" tensor categories. 
Recall that a /c-linear category, where k is any number field, is a category C 
whose hom-sets are each endowed with a structure of vector space over k with 
respect to which composition of arrows is bilinear. One also says that C is a 
category endowed with a /c-linear structure. A fc-linear tensor category is a 
tensor category endowed with a /c-linear structure such that the bifunctor ® 
is bilinear. From now on, in this paper, "tensor category" will mean "additive 
C-linear tensor category". Thus, in particular, there will be a zero object and 
for all objects R, S there will be a direct sum RQ) S. 

Let C, C be tensor categories. A tensor functor of C into C is obtained 
by attaching, to an ordinary functor F : C — C, two isomorphisms 

tr^s ■■ F{R) ® F{S) ^ F{R ® S) (natural in R, S) and 

v:V^F{l), 

called tensor functor constraints, which are required to satisfy certain condi- 
tions expressing their compatibility with the ACU constraints of the tensor 
categories C and C. The reader is referred to loc. cit. for a discussion of 
these conditions. Recall that a functor of fc-linear categories is said to be 
linear if the induced maps of hom-sets are fc-linear. A linear functor between 
additive /c-linear categories will preserve zero objects and direct sums. We 
agree that an assumption of linearity on the functor F : C ^ C is part of 
our definition of the notion of tensor functor. 

Let F, F' be tensor functors of C into C . A natural transformation A : 
F — i> F' is said to be tensor preserving if the following diagrams commute: 



F{R) ® F{S) ^^''^'^''^'K F'{R) ® F'{S) V =— V 



(2.4) 



\{ms) 



A(l) 



F{R(g)S) '-^ ^F'{R(g)S) F{1)—^F'{1 
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The collection of all tensor preserving natural transformations F ^ F' will 
be denoted by Hom®(F, F'). Note that any natural transformation of F into 
F' is necessarily additive i.e. satisfies X{R® S) — X{R) ® A(S'). 

2.1. Tensor* categories. By an anti-involution on a tensor category C we 
mean an anti-linear tensor functor 



(2.5) *:C^C, R^R* 

with the property that there exists a tensor preserving natural isomorphism 

(2.6) lr :R**^R with i{R*) = i{Ry. 

By fixing one such isomorphism once and for all, one obtains a mathematical 
structure which shall here be referred to as a tensor* category. A morphism 
of tensor* categories, or tensor* functor, is obtained by attaching, to an 
ordinary (linear) tensor functor F, a tensor preserving natural isomorphism 

(2.7) U ■■ F{Ry ^ F{R*) 
such that the following diagram commutes: 

F{R)** ^ F{R*)* ^ F{R**) 
(2-8) \ ^ 

F{R). 

A morphism of tensor* functors, better known as a self-conjugate tensor 
preserving natural transformation, is defined to be a tensor preserving natural 
transformation making the following diagram commutative: 



F{RY ^^F\Ry 



(2.9) 



in 



en 



F{R*)^^F'{R*). 



We write Hom®'*(F, F') for reference to such transformations. 

Example: the category of vector spaces. If is a complex vector space, 
we let V* denote the space obtained by retaining the additive structure of 
V but changing the scalar multiplication into zv* — (zv)*. The star here 
indicates that a vector of V is to be regarded as one of V*. Since any linear 
map f : V ^ W also maps V* linearly into W*, we can also regard / as 
a linear map /* : V* — > W*. Moreover, the unique linear map of V* ® W* 
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into {V (g) Wy sending f * w* ^— > (f (8> w)* is an isomorphism, and complex 
conjugation sets up a linear bijection between C and C*. This turns vector 
spaces into a complex tensor category Vec^ with V** = V. 

Example: vector bundles. By a direct generalization of the preceding 
construction one obtains the tensor* category Vec ^^(M) of smooth complex 
vector bundles (of locally finite rank) over a smooth manifold M. We shall 
identify Vec ^°°(^), where -k denotes the one-point manifold, with the tensor* 
category Vecp introduced above. Notice that the pullback of vector bundles 
along a smooth mapping f : N —>■ M determines an obvious tensor* functor 
/* of Vecc°°(^) into Vec^°°(N). 

Let C be a tensor* category. By a "real structure on an object R G 
Ob(C)" we mean an isomorphism fi : R ^ R* in C such that the composite 
fi* ■ /i equals the identity on R modulo the canonical identification R** = R 
provided by (12. 6p . Let [R(C) denote the category whose objects are the pairs 
(i?, /i) consisting of an object R G Ob(C) together with a real structure /i on 
R and whose morphisms a : (i?, /i) {S, u) are the morphisms a : R^ S m 
C such that u ■ a = a* ■ fi. Note that IR(C) is naturally an R-linear category; 
further, there is an obvious induced tensor structure on it, which turns it 
into an IR-linear tensor category. 

As an example of this construction, observe that one has an obvious 
equivalence of (real) tensor categories between Vec p and IR(VeCc): in one 
direction, to any real vector space V one can assign the pair {C ®V , z <S) v 
z ® v); conversely, any real structure /i : f/ ^ f/* on a complex vector space 
U determines the real eigenspace C U of all /i-invariant vectors. There 
is an analogous equivalence between Vec p°°(M) and IRf Vec ^ °°(M)) , for each 
smooth manifold M. 

Notice that any tensor* functor F : C ^ V induces an obvious R-linear 
tensor functor R(F) : R(C) ^ R{V). For any tensor* functors F,G -.C ^V, 
the map X ^-^ X where X{R, fi) = X{R) provides a bijection 

(2.10) Hom®'*(F, G) ^ Hom®(R(F), R{G)) 

between the self-conjugate tensor preserving transformations F ^ G and the 
tensor preserving transformations IR(-F) — > R{G). Indeed, by exploiting the 
additivity of the tensor* category C, one can construct a functor C — ^ [R(C) 
which plays the same role as the functor that assigns a complex vector space 
the underlying real vector space: one chooses, for each pair R, S of objects of 
C, a direct sum RO) S; then the obvious isomorphism i? © i?* ~ (i? © R*)* is 
a real structure on R® R*. Observe that the functor IR(C) C, {R, n) ^ R 
has an analogous interpretation. One therefore sees that the formalism of 
tensor* categories is essentially equivalent to that of real tensor categories. 
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The next results are original. They will be put to use only in the final section 
of this paper, in the proof of the reconstruction theorem. 

2.2. Terminology. Let C be a tensor* category and F : C Vec ^ a tensor* 
functor with values into (finite dimensional) complex vector spaces. Let H 
be a topological group, and suppose a homomorphism of monoids is given 

(2.11) n:H — > End®'*(F). 

We say that vr is continuous if for every object R G Ob(C) the induced 
representation 

(2.12) TTn-.H — > End(F(i?)) 
defined by setting HR^h) = 7i{h){R) is continuous. 

2.3 Proposition Let C,F, H and vr be as in \2.2\ with vr continuous, 
and suppose, in addition, that H is a compact Lie group. Assume that 
the following condition is satisfied: 

(*) for each pair of objects R, S E Ob(C), and for each H-equivariant 
homomorphism A : F{R) — > F(S), there exists some arrow R S 
in C with A = F{a). 

Then the homomorphism it is surjective; in particular, the monoid 
End®'*(F) is a group. 

Proof Put K = Kervr C H. This is a closed normal subgroup, because 
it coincides with the intersection f^Kervr/j over all objects R of C. On the 
quotient G = H/K there is a unique (compact) Lie group structure such that 
the quotient homomorphism H ^ G becomes a Lie group homomorphism. 
Every ttr can be indifferently thought of as a continuous representation of H 
or a continuous representation of G, and every linear map A : F{R) F{S) 
is a morphism of G-modules if and only if it is a morphism of if-modules. 
Being continuous, every tt/j is also smooth. 

We claim there exists an object Rq of C such that the corresponding tt/Jq 
is faithful as a representation of G. Indeed, by the compactness of the Lie 
group G, we can find . . . ,Re E Ob(C) with the property that 

(2.13) Kervr^j n ■ ■ ■ n KervTij^ = {e}, 

where e denotes the unit of G; compare |2J, P- 136. Then, if we set Rq = 
-Ri © ■ ■ ■ © Re, the representation vr/jg will be faithful because of the existence 
of an obvious isomorphism of G-modules 

(2.14) F{Ri ®---®Ri)^ F{Ri) © • ■ ■ © F{Re). 
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Now, it follows that the G-module F{Ro) is a "generator" for the tensor* 
category TleV s^jG) of all continuous, finite dimensional, complex G-modules. 
Indeed, every irreducible such G-module V embeds as a submodule of some 
tensor power F{Ro)®^ ® {F^Rq)*)'^^, see for instance [2], p. 137. Since each 
n{h) is, by assumption, self-conjugate and tensor preserving, this tensor 
power will be naturally isomorphic to F (i^o^'^ ® (-Ro*)*^^) as a G-module 
and hence for each object V of TZep ^^jG) there will be some object i? of C 
such that V embeds into F{R) submodule. 

Next, consider an arbitrary natural transformation A G End(F). Let R be 
an object of the category C, and let V C F{R) be a submodule. The choice 
of a complement to V in F{R) determines an endomorphism of modules 
Pv '■ F{R) — > \/ > F{R) which, by the assumption comes from some 
endomorphism of R in C. This implies that the linear operators X{R) and Py 
on the space F{R) commute with one another and, consequently, that X{R) 
maps the subspace V into itself. We will usually omit any reference to R and 
write simply Ay for the linear map that X{R) induces on V by restriction. 
Note finally that, given another submodule W C F{S) and an equivariant 
map B : V W, one always has 

(2.15) B-Xv = XwB. 

To prove this identity, one first extends B to an equivariant map F{R) 
F{S) and then invokes (*) as before. 

Let Fg denote the tensor* functor TZep ^(G) — > Vecc that assigns each 
G-module the underlying vector space. As our next step, we will define an 
isomorphism of complex algebras 

(2.16) e : End(F) ^ End(FG) 
so that the following diagram commutes 

H — ^ End(F) 



(2.17) 



proj. 



G'^^End(F, 



G) 



where T^cig) is, for each g G G, the natural transformation of into it- 
self that assigns left multiplication hj g on V to each G-module V. For 
each G-module V there exists an object R of C together with an embed- 
ding V ^ F{R), so we could define 9{X){V) as the restriction Ay of A(-R) 
to V. Of course, it is necessary to check that this does not depend on the 
choices involved. Let two objects R, S E Ob(C) be given along with two 
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equivariant embeddings of V into F{R), F{S). Since it is always possible to 
embed everything equivariantly into F{R © 5*) without affecting the induced 
Ay, it is no loss of generality to assume R = S. Now, it follows from the 
remark (I2.15p above that the two embeddings actually determine the same 
linear endomorphism of V. This shows that 9 is well-defined. (12.151) also 
implies that 9{X) G End(FG'). On the other hand put, for /i G End(FGr) 
and R G Ob(C), = f^{F{R)). Then /i^ G End(F) and 9{fx^) = fx, 

because of the existence of embeddings of the form V ^ F{R) and because 
of the naturality of /i. This shows that 9 is surjective, and also injective 
since A(i?) = 9{X){F{R)). Finally, it is straightforward to check that f l2.17p 
commutes. 

In order to conclude the proof it will be enough to check that 9 induces 
a bijection between End'^'*(F) and End®'*(FG'), for then our claim that tt 
is surjective will follow immediately from the commutativity of (12.171) and 
the classical Tannaka-Krem duality theorem for compact groups (which says 
that ttg establishes a bijection between G and End'^'*(FG); see for example 
[9] or |2] for a proof). This can safely be left to the reader. q.e.d. 

The argument we used in the foregoing proof to construct a "generator" 
tells us something interesting even in the noncompact case. 

2.4 Proposition Let C and F he as in 12.21 Let G be a Lie group, 
not necessarily compact, and let n : G ^ End(F) be a faithful con- 
tinuous homomorphism. Then there exists an object Rq G Ob(C) such 
that KervT/jQ is a discrete subgroup of G or, equivalently, such that the 
representation 

(2.18) 7rR,:G^ GL{F{Ro)) 

is faithful in some open neighbourhood of the unit of G. 

Proof By induction. q.e.d. 

3 Smooth Tensor Stacks 

In this section we shall introduce the language of smooth stacks of tensor* 
categories or, in short, smooth tensor stacks. We propose this language as 
a new foundational framework for the representation theory of groupoids. 
Nowadays, many concise accounts of the general theory of stacks are avail- 
able; our own exposition is based on [6j and [I3]. A fairly extensive treatment 
of the algebraic geometric theory can be found in [TO] . 
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Overall Conventions: The capital letters X, Y, Z denote C°° manifolds and 
the corresponding lower-case letters x,x', . . . ,y etc. denote points on these 
manifolds. stands for the sheaf of smooth functions on X; we sometimes 

omit the subscript. We refer to sheaves of '^^^-modules also as sheaves of 
modules over X. For practical purposes, we need to consider manifolds which 
are possibly neither HausdorlT nor paracompact. 

3.1. Fibred tensor categories. Fibred tensor categories shall be denoted by 
capital Gothic type variables. A fibred tensor category C assigns, to each 
smooth manifold X, a tensor* category 



(3.1) 



€{X)^{C{X),0xAx:*x) 



or (£(X), (g), 1, *) for short — we omit subscripts when they are retrievable 
from the context — and, to each smooth map X ^ Y, a tensor"^ functor 



(3.2) 



r : e(y) €{x) 



which we call pull-back along /. Moreover, for each pair of composable 

smooth maps X ^ Y Z and for each manifold X, any fibred tensor 
category provides self-conjugate tensor preserving natural isomorphisms 



(3.3) 



S:rog*^{gofy 
e : Id&^x) ^ idx* 

which altogether are required to make the following diagrams commute: 
(3.4) s-h* s 



f*g*h* 

s-h* 



{gfYh* 



{hgfY 




These are the only primitive data we need to introduce in order to be able to 
speak about smooth tensor stacks and representations of Lie groupoids. The 
latter concepts can — and will — be defined canonically, i.e. purely in terms of 
the fibred tensor category structure. 

3.2. Tensor prestacks. Let € be an arbitrary fibred tensor category. Let 
iu '■ U ^ X denote the inclusion of an open subset. We shall put, for every 
object E and morphism a of the category C{X), E\u = iu*E and a\u = iu*a. 
More generally, we shall make use of the same abbreviations for the inclusion 
is : 5 X of an arbitrary submanifold. 
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For each pair of objects E,F e Oh€{X), let J^om%{E,F) denote the 
presheaf of complex vector spaces over X defined as 

(3.5) U ^YLouic(u){E\u,F\u) 

where the restriction map corresponding to an open inclusion j : V ^ U 
is given [obviously, up to canonical isomorphism] by a i— ^ j*a. Now, the 
requirement that C is a prestack means exactly that every such presheaf is 
in fact a sheaf. This entails, in particular, that one can glue any family 
of compatible local morphisms over X. One special case, namely the sheaf 
TE = J^om^{l,E), to which we shall refer as the sheaf of sections of E, 
will be of major interest for us. For any open subset U, the elements of the 
vector space TE{U) shall be referred to as sections of E over U. 

Since a morphism a : E —>■ F in €{X) yields a morphism Fa : TE TF 

of sheaves of complex vector spaces over X (by composing l\u E\u — ^ 
F\u), we obtain a canonical functor 

(3.6) r = Tx '■ ^{X) — > {sheaves of Cj^-modules} , 

where C^^^ denotes the constant sheaf over X of value C. 

This functor is certainly linear. Moreover, there is a canonical way to 
make it a "pseudo-"tensor functor of the tensor category (C(X), ^x, Ix) into 
the category of sheaves of Cj^^-modules (with the familiar tensor structure): 
a natural transformation te,f '■ TxE ^xF — > Tx{E ® F) arises, in the 
obvious manner, from the local pairings 

(3.7) TE{U)xTF{U) -^T{E0F){U), {a,b)^a®h [mod ^] 

(which are bilinear with respect to locally constant coefficients), and a unit 
constraint v : Cj^ F^l may be defined as follows: 

/o o\ [ locally constant complex 1 -r^Mrn ,ji 

(3.8) / ^ — ^ri(f/), z^z-id\u] 
[ valued functions on U J 

it is easy to check that these morphisms of sheaves make the same diagrams 
which characterize tensor functor constraints commute. 

One also has a natural morphism of sheaves of modules over X 

(3.9) [TxEY — > Tx{E*) 

defined by means of the anti-involution and the obvious related canonical 
isomorphisms. Since C,** = C, [up to canonical isomorphism], it follows at 
once that (13. 9p is a natural isomorphism for any tensor prestack. In fact, 
(13.91) is an isomorphism of pseudo-tensor functors viz. it is compatible with 
the natural transformations (13.71) and ( 13. 8p . 
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3.3. Fibres of an object. Note that for X = ^ (where -k is the one-point 
manifold) one may regard (13.61) as a pseudo-tensor* functor of €{-k) into 
complex vector spaces. We put, for all objects E G Oh(t{-k), 

(3.10) = (r,E)(*) 

(so this is a complex vector space) and do the same for morphisms. Now, as 
a part of the forthcoming definition of the general notion of smooth tensor 
prestack, we impose the following requirement: the morphism of sheaves (|3.8j) 
is an isomorphism for X = ic. Then there is a canonical isomorphism 

(3.11) C^U 

of complex vector spaces. 

For any object E G Ob£(X), we define the fibre of E at x to be the 
complex vector space E^ = {x*E)^. We use the same name for the point x 
and for the (smooth) mapping -k ^ X,-k x, so that x* is just our ordinary 
notation (13.21) for the pull-back, x*E belongs to €(*) and we can make use 
of the notation (13.10p . Similarly, whenever a : E ^ F is a morphism in 
^(X), we let ttx : E^ ^ F^ denote the linear map (x*a)*. Since - is 
by construction the composite of two pseudo-tensor* functors, it itself may 
be regarded as a pseudo-tensor* functor. If in particular we apply this to a 
local section ( G rE{U) and make use of the canonical identification (13.111) . 
we get, for u E U, a linear map 

(3.12) C ^ U ^ {u* l\u). {u* E\u). = iu*E), = E^ 

which corresponds to a vector ({u) G Eu to be called the value of ( at u. 
One has the intuitive formula 

(3.13) a^{au))=[{Ta){Um]{u). 

Notice finally that the vectors C,{u) ® rj{u) and (C ® "'?)(«) correspond to one 
another via the canonical map E^ ®c Fu {E ®x E)u- 

3.4. Smooth tensor prestacks. Let Ix denote the tensor unit of C(X), and 
let a; be a point of the manifold X. Under the assumption (I3.11h . one can 
use the composite linear isomorphism C = (1*)* = {x*lx)* = {^x)x to define 
a canonical homomorphism of complex algebras 

(3.14) Endi2;(x)(lx) — > {complex functions on X} , e i— >• e 

by putting e(x) = the complex number such that the linear map « scalar 
multiplication by e{x) » (of C into itself) corresponds to Cx ■ (lx)x ^ (Ix)z- 
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We shall say that a tensor prestack C is smooth if it verifies (13.111) and 
if the homomorphism (I3.14p determines a bijective correspondence between 
Ende;(x)(lx) and the subalgebra of all smooth functions on X: 



(3.15) 



End(lx) = C"^(X). 



When a tensor prestack € is smooth, it is possible to endow each space 
B.om^(^x){E, F) with a canonical C°°(X)-module structure compatible with 
the multiplication by locally constant functions, since B.om{E, F) has an 
obvious End(lx)-module structure. Accordingly, J^omx{E, F){U) inherits 
a canonical structure of C°°([/)-module for every open subset [/ C X, which 
turns J^om'§.{E, F) into a sheaf of ^j^-modules. This is true, in particular, of 
the sheaf of smooth sections TxE. It is also readily seen that each morphism 
a : E ^ F induces a morphism Txo, : TxE TxF of sheaves of 
modules. Thus, one gets a C°°(X)-linear functor 

(3.16) Tx : C:(X) — > {sheaves of <^^-modules} . 

The operations (13.71) and (13.81) may now be used to define morphisms of 
sheaves of ^5°-modules 



The morphism r = te,f is natural in the variables E,F and, along with v, 
turns (I3.16P into a pseudo-tensor functor of €{X) into the category of sheaves 
of ^^-modules. This is closer than (13.61) to being a genuine tensor functor, 
in that the morphism v is now an isomorphism of sheaves of ^^-modules. 

Consider next a smooth mapping of manifolds f : X ^ Y. Suppose that 
U <Z X and V <ZY are open subsets with f{U) C V", and let fu denote the 
induced mapping of U into V . For any object F of the category ^{Y)^ a 
correspondence of local smooth sections 



can be obtained by defining 77 o / as the following composite arrow: 



(3.19) lx\u = (riy)k = fu*{lY\v) fu*{F\v) = {rF)\u. 



For U fixed, and V variable, the maps (13.181) constitute an inductive system 
indexed over the inclusions V D V D fiU) and hence they yield, on passing 
to the limit, a morphism of sheaves of ^j^-modules 



(3.17) 




(3.18) 



{TyF){y) 



TxirFm, v^Vof 



(3.20) 



riTyF) 



TxifF) 
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where /*(ryF) is the ordinary pullback of sheaves of modules over a smooth 
manifold. The morphism (|3.20p is natural in F. It is also a morphism of 
pseudo-tensor functors, in other words it is tensor preserving. Notice that the 
vectors rj{f{x)) G and {j] o f){x) G {f*F)x correspond to one another 

via the canonical isomorphism of vector spaces 

(3.21) irr), = {x*rF), = = 

3.5. Flat maps. It will be convenient to regard open coverings of a manifold 
as smooth maps. We say that a smooth map p : X' X is flat if it is 
surjective and it restricts to an open embedding pw : U' ^ X on each 
connected component U' of X'. We may think of p as codifying the open 
covering of X given by the connected components of X'. A refinement of 
X' X is obtained by composing p backwards with another fiat mapping 

p' 

X" — > X' . lip is fiat then for any smooth map f :¥ ^ X the pullback 

(3.22) YyixX' = {{y,x'):f{y)=p{x')} 

exists in the category of manifolds and pr^ : F Xx X' — > F is also fiat. 
When / itself is fiat this construction yields a common refinement. For any 
fiat map p : X' ^ X, put 

(3.23) X" = X' XxX' = {(x'l, 4) : p{x[) = p{x'^)} 
and let pi,p2 '■ X" X' be the projections. Also put 

(3.24) X'" = X' XxX' XxX' = {{x[, x'^, x'^) : p{x[) = p{x'^) = p{x'.,)} 

and let pi2 : X'" — > X" be the map {x[,X2,x'^) i-^ (x'^jXg); the maps P23 and 
Pi3 shall be defined likewise. 

3.6. Smooth tensor stacks. A descent datum for a smooth tensor prestack 
C relative to a fiat mapping p : X' ^ X is a pair (£", 9) consisting of an 
object E' of the category C(X') and an isomorphism 6 : pi*E' ^ P2*E' in the 
category C(X") such that Piz*{d) = Pi2*{0) op23*{9) [mod =]. A morphism 
a' : {E',9) (-^',0 of descent data relative to p is an arrow a' : E' ^ F' 
compatible, in the obvious sense, with the isomorphisms 6 and ^. Descent 
data for C relative to p and their morphisms form a category Ves^{X' / X). 
There is an obvious functor 

(3.25) (r(X) — > Ves^{X'/X), E ^ {p*E, (^e) 

where (f)E is the canonical isomorphism pi*{p*E) = {p o pi)*E = {p o p2)*E = 
P2*{p*E). If this canonical functor is an equivalence of categories for every 
fiat mapping p : X' — > X, one says that C is a stack. 
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For our purposes, the condition that the functor (13.251) be an equivalence 
of categories for every flat map X' — > X can be relaxed to some extent. In 
fact, it is sufficient to require it of all flat maps X' X over a Hausdorff, 
paracompact X. We propose to use the term 'parastack' for the weaker 
notion. We will often be sloppy and use 'stack' as a synonym to 'parastack'. 

3.7. Locally trivial objects. Let C be a smooth tensor prestack. An object 
E G Ob C(X) will be called trivial if there exists some V G Ob for 
which one can find an isomorphism E ^ Cx*V in ^{X) where Cx '■ X ^ -k 
denotes the collapse map. Any such pair (V, ~) will be said to constitute a 
trivialization of E. 

For an arbitrary manifold X, let F'^(X) denote the full subcategory of 
formed by the locally trivial objects of locally finite rank: E G Ob C(X) 
is an object of V^{X) if and only if one can cover X with open subsets U 
such that there exists in each ^{U) a trivialization E\ij ^ lu Q) ■ ■ ■ ® lu- The 
operation X h-* V^^X) determines a fibred tensor subcategory of C In fact, 
one gets a smooth tensor prestack V'^ which is a parastack resp. a stack if 
so is C 

The tensor* category V^{X) closely relates to that of smooth complex 
vector bundles over X. Clearly, every object E G yields a vector 

bundle E = {{x,e) : x E X,e E E^} over X. The operation E \^ E defines 
a faithful tensor* functor of into Vecc°°(^) which is an equivalence 

of tensor* categories when C is a parastack and X is paracompact or when 
C is a stack. 

4 Foundations of Representation Theory 

In this section, we develop the representation theory of Lie groupoids within 
the framework described in ^ A peculiarity of the notion of representation 
we shall be considering here is its dependence on a 'type': the construction of 
our theory necessitates the preliminary choice of an arbitrary smooth tensor 
stack T (the type). We shall assume that such a choice has been made and 
we shall regard T as fixed throughout the section. The definitions below are 
directly inspired by [5|. 

Let ^ be a Lie groupoid over a manifold M. We start by constructing the 
category of representations "of type X" of Q. Define the objects of R'^{Q), or 
briefiy, R{Q), to be the pairs {E, g) consisting of an object E of T(M) and 
an arrow g in T(^) 

s*E ^ t*E, 

where s,t : Q ^ M denote the source resp. target map of Q, such that 
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the appropriate conditions for g to be an action, in other words for g to be 
compatible with the groupoid structure, are satisfied (modulo the appropriate 
canonical isomorphisms): 

i) u*g = idE, where u : M ^ Q denotes the unit section of Q; 

ii) c*g = po*g ■ pi*g, where Q^^^ = Qs^tQ denotes the manifold of compos- 
able arrows, c : Q'-'^^ —>■ Q the composition map and po,p\ : Q 
the left resp. right projection. 

Observe that the conditions i) and ii) imply that the arrow s*E A VE IS 
invertible in the category T(^). We shall refer to the objects of i?(^) also as 
Q-actions {of type %). Define the morphisms of ^-actions {E,g) — > {E',g') 
to be the arrows a in T(M) which fulfill the condition 

(4.1) fa - g = g' ■ s*a. 

The category R{Q), endowed with the C-linear structure inherited from 
X(M), is clearly additive. 

4.1. Tensor* structure. For any ^-actions R = {E,g) and S — {F,a) we 
put R<^ S — {E iS) F, gi^ a) where g a stands for 

(4.2) s*{E (S)F) = s*E ® s*F t*E ® t*F = t*{E ® F). 

It is easy to recognize that the pair R<^ S itself is a ^-action. Further, if 
{E, g) {E', g') and (F, a) {F', a') are morphisms of ^-actions then so 
will be a (g) 6 : R^ S R' ^ S'. We define the tensor unit of R{G) as the 
pair (1m, — ), where 1m denotes the tensor unit of T(M) and = stands for 

(4.3) s*1m = l0 = t*lM. 

The ACU constraints for the tensor product on the base category X(M) 
provide analogous constraints for the tensor product on R{Q). There is of 
course also an inherited canonical anti-involution. 
The forgetful functor 

(4.4) F|:i2^(^;)^T(M), iE,g)^E 

(or Fg, for short) is C-linear and faithful. By construction, it is a strict 
tensor* functor of R{Q) into T(M). We shall refer to this functor as the 
standard forgetful functor {of type T) associated with 
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4.2. Fullback along a homomorphism. Let cp : Q ^ Ti. he a homomorphism 

of Lie groupoids and let M ^ N be the smooth map induced by (p on the 
base manifolds. 

Suppose {F,a) G R'^iTi). Consider the morphism — which we still denote 
by V9*cr, allowing some notational abuse — defined as follows: 

(4.5) sg*{rF) ^ ^*sh*F ^ ^*tn*F ^ tg*{rF). 

The identities f o sg = S'h o etc. account, of course, for the existence of 
the canonical isomorphisms occurring in (14.51) . It is routine to check that 
the pair {f*F, (P*(t) constitutes an object of the category R'^{Q) and that 

if {F, a) {F', a') is a morphism of 7i-actions then f*b is a morphism of 
{f*F,ip*a) into {f*F',ip*a') in R'^{Q). Hence we get a functor 

(4.6) ^* ■ R^iH) R'^iG), 

which we agree to call the inverse image (or pull-back) along ip. 
The constraints associated with the tensor functor /* 



(4.7) 



1a/ —* f*'^N 

f*F(g)f*F' ^ f*{F(g)F') 



function as isomorphisms of ^-actions 1 V^*(l) and (p* (S) <^ ip* {S') 
ip*{S ® S') for all S, S' E R{H) with S = (F, a) and S' = {F', a'). A fortiori, 
these isomorphisms are natural and provide appropriate tensor functor con- 
straints for ip*, thus making ip* a tensor functor of the tensor category R{7{) 
into the tensor category R{G). 

Let Q ^ Ti ^ K, he two composable homomorphisms of Lie groupoids 

and let X Y ^ Z denote the respective base maps. Note that, for an 
arbitrary action T = (G, r) G R{}C), the canonical isomorphism {po*ilJo*G = 
{ipo o ipo)*G = {ip o ip)o*G is an isomorphism between ip*{ip*T) and {ip o ip)*T 
in the category R{Q). Hence we get an isomorphism of tensor functors 

(4.8) <f*o^*^{^o<f)*. 

4.3. Natural transformations. Recall that a transformation t : ipo —>■ ipi 
between two Lie groupoid homomorphisms (po, (pi : Q ^ Ti. is a smooth 
mapping r of the base manifold M of Q into the manifold of arrows of H 

such that /o(a;) -— ^ fii^) for all x G M and 

(4.9) Mg) ■ rix) = rix') ■ p>oi9) 
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for all g G Q^^\g : x ^ x'. Suppose an action S = {F,a) G R{H) is 
given. Then we can apply r* to the isomorphism s*F t*F to obtain an 
isomorphism /qF — > f^F in the category T(M) 



(4.10) /qF = T*s*F T*t*F = f*F. 

By expressing f l4.9p as an identity between suitable smooth maps, one sees 
that (14.1 op is actually an isomorphism of ^-actions (between (PqS and (plS). 
Thus, we obtain an isomorphism of tensor functors (^Jq ~ yj^^. 

4.4. Morita equivalences. We observe next that the inverse image functor 
ip* : R(H) R{Q) associated with a Morita equivalence ip : Q ^ Ti is 
an equivalence of tensor categoriesjfl Clearly, this is tantamount to saying 
that if* is a categorical equivalence. Although the procedure to obtain a 
quasi-inverse follows a well-known pattern, we review it for the reader's 
convenience. In fact, we know of no adequate standard reference for this 
precise argument. 

The condition that the map p.4l) be a surjective submersion will of course 
be satisfied when 99*"' itself is a surjective submersion. As a first step, we show 
how the task of constructing a quasi-inverse may be reduced to the special 
case where 99'°' is precisely a surjective submersion. To this end, consider the 
weak pullback (see [H], pp. 123-132) 



(4.11) 



Let P be the base manifold of the Lie groupoid V. It is well-known {ihid. 
p. 130) that the Lie groupoid homomorphisms ip and x are Morita equiva- 
lences with the property that the respective base maps tp'-^'' : P M and 
T^(o) ■ p _^ ]\[ surjective submersions. Now, if we prove that ip* and x* 
are categorical equivalences then, since by (14. 8p and the remarks contained 
in §4.31 we have natural isomorphisms 




(4.12) ^* ^^^oipy ^ip*o^*, 

the same will be true of ip*. 

From now on, we work under the hypothesis that the Morita equivalence 
(f determines a surjective submersion f : M ^ N on the base manifolds. 



^Recall that a tensor functor ^ : C ^ V is said to be a tensor equivalence in case 
there exists a tensor functor : V ^ C for which there are tensor preserving natural 
isomorphisms o $ ~ Hq and <i> o 5' ~ Idx) ■ 
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This being the case, there exists an open cover of the manifold = U 

by open subsets Vi such that for each of them one can find a smooth section 
Si : Vi ^ M to f . We fix such a cover and such sections once and for alL 

Let an arbitrary object R = {E, g) G R{G) be given. For each i G / one 
can take the pullback Ei = Si*E G T(Vi). Fix a couple of indices i,j G /. 
Then, since (11.31) is a pullback diagram, for each y & ViCiVj there is exactly 
one arrow g{y) : Si{y) —>■ Sj{y) such that {p{g{y)) = y. More precisely, let 
y ^ g{y) = 9ij{y) be the smooth mapping defined as the unique solution to 
the following universal problem (in the C°° category) 



(4.13) 




\ (s,t) (s,t) 

M xM^^Nx N, 

where u : N ^ H denotes the unit section and Vij = Vi H Vj . Then, putting 
Ei\j = Ei\y.f^Vj and Ej\i = Ejly.f^y^, one may pull the action g back along the 
map gij so as to get an isomorphism % : Ei\j ^ Ej\i 

(4.14) % = gy*g 

in the category %{Vij). Next, from the obvious remark that for an arbitrary 
third index k E I one has gik\j = co {gjk\i, gij\k), where gik\j denotes the 
restriction of gik to Vijk, and from the multiplicative axiom ii) for g, it follows 
that the system of isomorphisms {%} constitutes a "cocycle" or "descent 

datum" for the family G 2^ ( U ^« ) relative to the fiat mapping 

WVi ^ N . Since is a paracompact manifold and T is a smooth parastack, 

there exist an object i{)\E of X(A^) and a system of isomorphisms di : {ip\E)\i = 
{ip\E)\vi Ei in T(V^) compatible with {%} in the sense that 

(4.15) OjU = OM, = % ■ Oi\y^ = % ■ e,\,. [mod ^ 

For simplicity, let us put F = ip\E. Our next step will be to define a 
morphism a = ip\g : st-i*F ht*F which is to provide the 7i-action on F. 
For each pair Vi, Vi' we introduce the abbreviation TCi^e = Ti.{Vi, Vi'). We also 
write Ti.ij^i'j' = HiVij, Vi'j'). Then the subsets TCi^i' C 7i'^' form an open cover 
of the manifold Now, let gi^i' : Hi^i' ^ ^ be the smooth map obtained 



[mod ^ 



25 



by solving the following universal problem 



(4.16) 




\ {s,t) is,t) 

M X M -^-^ N X N. 

We can use this map to define a morphism ai^i' : (s7^*F)| j j/ in 
the category 1(Hi^i') 

(4.17) ai,i> = {tn\i,i'yer^ ■ g^,i>*Q ■ {sn\i,^'yei. [mod ^ 
By taking into account the equality of mappings 

(4.18) 9i,i'\j,j' — idj'i' ° iH\ij,i'j') 9j,j'\i,i' {9ji ° ^nVj^i']') 

and the identities (14.14p . M.lSp and (I4.17p . one sees that cTj = ajji\i^it in 
%{1-Lij^iiji). Hence the morphisms cjj j' glue together into a unique a. 

For any morphism a : R ^ R' m the category R{G), we obtain a morph- 
ism {p\a : ip\R — > (p\R' by setting bi = Si*a and by observing that 

(4.19) 0[^-hi\j = h,\i-di, m%{Vi,). 

In this way we get a functor of R{Q) into RiTi). The construction of the 
isomorphisms o ~ Idj^^g) and {p\ o ip* IdR{n) is left as an exercise. 

5 Smooth Euclidean Fields 

In order to get our reconstruction theory to work effectively, we need to make 
further hypotheses on the type. We shall say that a smooth tensor stack ^ 
is Euclidean or, for brevity, that is a Euclidean stack, if it satisfies the 
following axiomatic conditions (l5.lH5.7p : 

5.1. Axiom: tensor product and pullback. The canonical natural morphisms 
1323) and 1323) 

TE' -> r(E ® E') 

nryE) ^ TxirE) 

are surjective (= epimorphisms of sheaves). 
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Thus, every local smooth section oi E ® E' will possess, in the vicinity 
of each point, an expression as a finite linear combination with smooth co- 
efficients of sections of the form ^ ® Similarly, given any partial smooth 
section of f*F, it will be possible to express it locally as a finite linear com- 
bination with coefficients in of sections of the form f] o f . 

Suppose E is an object of Let us consider the evaluation map 

rE{U) — ^ E^X ({x) defined in §3.31 for a generic open neighbourhood U 
of the point x. When U varies, these maps are evidently mutually compatible, 
hence on passing to the inductive limit they determine a linear map 

(5.1) {TE),^E,, C^a^) 

of the stalk of TE at x into the fibre of E at the same point. We call this 
map the evaluation {of germs) at x. It follows from the axiom that for any 
stack of smooth fields the evaluation of germs at a point is a surjective map. 
Hence the values ({x) span the fibre E^. 

5.2. Axiom: criterion for vanishing. Let a : E ^ E' be a morphism in 
^(X). Suppose that : E^ —>■ E'^ is zero Wx E X. Then a = 0. 

As a first, immediate consequence, one gets that an arbitrary section 
C e VE(U) vanishes if and only if all the values C,{u) are zero as u ranges over 
U . Thus, smooth sections are characterized by their values. Furthermore, 
by combining this axiom with the former, it follows that the functor Tx '■ 
^{X) {sheaves of ^j^-modules} is faithful. 

Each morphism a : E ^ F m ^{X) determines a family of linear maps 
{ox : Ex Fx) and a morphism of sheaves of ^^-modules a = Ta : TE —>■ 
TF. The link between these two pieces of data is provided by the evaluation 
maps (15.11) . Namely, for every x, the stalk homomorphism ax and the linear 
map Ox are "compatible": the diagram 



{TE)x (TF), 



(5.2) eval. 



eval. 



E - ^ F 

-'-'X ^ X 

commutes. In general, we say that a morphism of sheaves of modules a : 
TE — > TF and a family of linear maps {ox : Ex —>■ Fx} are compatible if 
(15.21) commutes for all x. Let us call a morphism a of sheaves of modules 
representable if there exists a family of linear maps compatible with a. 

5.3. Axiom: representable morphisms. For each representable morphism 
a : TE TF there exists an arrow a : E F in d{X) with Ta = a. 

This axiom will play a role in ^ where we need it in order to construct 
morphisms of representations by means of fibrewise integration. 
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We say that a form (p : E Ci^ E* ^ 1 in the category t?(X) is a metric {on E) 
when for every point x the induced form on the fibre Er,. 

(5.3) E., ®c E,/ -^{E® E*), ^ 1,. = C 
is positive definite Hermitian. 

5.4. Axiom: local metrics. Any object E of the category supports 
enough local metrics; that is to say the open subsets U such that one can 
hnd a metric on the restriction E\u cover X. 

In general, one can assume only local metrics to exist. Global metrics 
can be constructed from local ones provided smooth partitions of unity over 
the manifold X are available. 

Let be a metric on E. By a (j)-orthonormal frame {for E) about a 
point x G X we mean a list of sections Ci, • • • ,0 ^ TE{U) defined over a 
neighbourhood of x such that for all u G f/ the vectors . . . , Cd{u) are 

orthonormal in E^ and 

(5.4) Span{Ci(x),...,Cd(a;)} = ^.. 

We note that orthonormal frames for E exist about each point x at which the 
fibre Ex is finite dimensional. Indeed, by Axiom 15.11 over some neighbour- 
hood of X one can find local smooth sections Ci, • • • , Cd with the property 
that the vectors Ci{^)^ ■ ■ ■ Xd{x) form a basis for E^. Since for d\\ v & V 
the vectors C,i{v) , . . . Xd{v) are linearly dependent if and only if there is 
a c?-tuple of complex numbers (2:1, ... , z^j with l^il^ + ■ ■ ■ + l^;^!^ = 1 and 

d 

Zi(i{v) = 0, the continuous function 

i=l 



VxS^'^-^-^R, {v;si,t,,...,Sd,t, 



d 

E {sk + 'itk)Ck{v) 

k=l 



must have a positive minimum at v = x, hence a positive lower bound on 
a suitable neighbourhood U of x, so that (i{u) , . . . , (d{u) must be linearly 
independent for all u E U. At this point it is enough to apply the Gram- 
Schmidt process in order to obtain an orthonormal frame over U. 

Consider an embedding e : E' ^ E of objects of i?(X); that is to sa; 
a morphism such that the linear map Cx '■ E'x Ex is injective for all x 



''it follows immediately from Axiom [5^ that an embedding is a monomorphism. The 
converse need not be true because the functor E ^ does not enjoy any exactness 
properties. For example, let a be a smooth function on IR such that a{t) = if and only 
\{ t = Q. Then a, regarded as an element of End(l), is both mono and epi in 5^(IR) while 
ao = : C — > C is neither injective nor surjective. 
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Suppose there exists a global metric on the object E. Also assume that E' 
is a locally trivial object of locally finite rank. Then e admits a cosection, 
i.e. there exists a morphism p : E E' with po e = id. To prove this, note 
first of all that the metric induces a metric 0' on E'. For each point x there 
exists a 0'-orthonormal frame C[, ■ ■ ■ X'd ^ [r'-E'](f/) for E' about x, since E'^ 
is finite dimensional. Let C be the composite 

(5.5) E\u = E\u ^lu = E\u ® l\u* -^^^ E\u ® E\u* lu, 

where Q = [re{U)]{Q)- Define pu as (CI © ■ ■ ■ © C) ■ © ■ ■ ■ © ("or- 
thogonal projection onto E'\u"). Our claim follows from Axiom [5^21 

By using the last remark, and once more the existence of local orthonor- 
mal frames, one can show that if the dimension of the fibres of an object E of 
^(X) is finite and locally constant over X then E is locally trivial of locally 
finite rank. 

5.5 Lemma (Let ^ be a Euclidean stack.) Let X be a paracompact 
manifold and is '■ S ^ X a closed submanifold. Let E, F be objects of 
Sind suppose that E' = E\s is locally free of locally finite rank over 
S. Put F' = F\s. Then every morphism a' : E' ^ F' in d{S) can be 
extended to a morphism a : E ^ F in t5^(X). 

Proof Fix a point s G S*. There exists an open neighbourhood A of s 
in S such that there is a trivialization E'\a ~ l^i © ■ ■ ■ © 1a over A. Let 
Ci, ■ ■ ■ ,Cd £ TE\A) be the corresponding frame of local sections. Also, let 
U be any open subset of X such that U r\ S = A. After taking U and 
A smaller about s if necessary, it is no loss of generality to assume, by 
Axiom Em that there are local sections Ci, • • • , Crf ^ TE{U) with = Cfc ° is, 
k = 1, . . . ,d. The values Ck{x), k = 1, . . . ,d must be linearly independent 
in the fibre E^ because the same is true of the values Ck{^)i k = l,...,d 
in E's. This implies that if U is small enough then the morphism ( = 
Ci © ■ ■ ■ © Cd • li/ © ■ ■ ■ © 1(7 -^Ic/ is an embedding and admits a cosection 
p : E\u — > 1(7 © ■ ■ ■ © lu, as observed above. 

Set = [ra'(^)](Cfc) e [r-P'K^)- As before, it is no loss of generality to 
assume that there are sections rji, . . . ,1]^ G TF{U) with rj'^ = Vk ° is- These 
can be combined into a morphism r] : lu Q) ■ ■ ■ Q) lu F\u {d-fo\d direct 
sum). Then one can take the composition 

(5.6) E\u-^lu®---(Blu-^F\u. 

It is immediate to check that the restriction of this morphism to the sub- 
manifold A ^ U coincides with a'l^, up to the canonical identifications 
{E\u)\A = E'\Aiind {F\u)\a = F'\a. 

One concludes the proof by using a partition of unity over X. q.e.d. 
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5.6. Axiom: dimension. It is required of the canonical "pseudo-"tensor* 
functor '^{'k) — > {complex vector spaces} ( 13. 1 Oj) that 

i) it is fully faithful; 

a) it factors through the subcategory whose objects are the finite dimen- 
sional vector spaces, in other words the vector space ( 13. 1 0)) is finite 
dimensional for all E in 

Hi) it is a genuine tensor* functor, i.e. (13. 71) and (13.81) are isomorphisms of 
sheaves for X = -k. 

It follows from this axiom that the functor E E^ is a true tensor* 
functor (in general it is only a "pseudo-"tensor* functor). 

We shall say that an object E in ^?(X) is locally finite if the sheaf TE is a 
locally finitely generated ^j^-module; in other words, E is locally finite if 
the manifold X admits a cover by open subsets U such that for each of them 
there is an epimorphisms of sheaves of modules 

(5.7) ^^®---®'^^ ^ {rE)\u. 

5.7. Axiom: local finiteness. For every manifold X, all the objects of the 
category S^(X) are locally finite. 

5.8. Example: smooth Hilbert fields. By a "smooth Hilbert field" we mean 
an object consisting of a family {Hx} of complex Hilbert spaces indexed 
by the set of points of a manifold X and a sheaf TJ^ of ^j^-modules of local 
sections of {H^} subject to the following conditions: 

i) {C{x) : C ^ (X'^)x}, where {VM')x indicates the stalk at x, is a dense 
linear subspace of H^, 

ii) for each open subset U , and for all sections C, C' ^ TJ^{U), the function 
(C,C') on U defined by m i-^ {({u),('{u)) is smooth. 

We refer to the manifold X as the "base" of J^; we will also say that is a 
smooth Hilbert field over X. Let and Jif' be smooth Hilbert fields over a 
manifold X. A morphism of Jif into Jif' is a family of bounded linear maps 
{ttx : H'x} indexed by the set of points of X such that for each open 

subset U and for each ( G TJif{U) the section over U given by m i— > a„ ■ ({u) 
belongs to T^'{U). Smooth Hilbert fields over X and their morphisms form 
a category which we shall denote by Hilb °°(X). 

Suppose and ^ are Hilbert fields over a manifold X. Consider the 
bundle of tensor products {H^ <S) Gx}- For any pair of sections ( G [rj^]{U) 
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and Tj G [r5^](f/) we let ®rj denote the section of the bundle {H^ ® Gx] 
defined over U hy u y-^ ({u) ® rj{u). The correspondence 

(5.8) u ^ ^°°(f/){c®?? : C e [r^](f^),^ e [r^](t/)} 

defines a sub-presheaf of the sheaf of sections of {Hx®Gx}- [Here 
^°°(f/){- ■ ■ } stands for the ^°°(f/)-module spanned by {• • ■ }.] Let ^ ® ^ 
denote the Hilbert field over X given by the bundle {H^ ® Gx] together with 
the sheaf of sections generated by the presheaf f IS.Sp . We call ^ ® the 
tensor product of and 5f . Observe that for all morphisms M' M" and 

^ A^' of Hilbert fields over X the bundle of bounded linear maps {a^, ® &x} 
yields a morphism a ® /? of M' ® ^ into M" ® . 

One gets the conjugate field M'* of a Hilbert field M' by taking the bundle 
{i^x*} of conjugate spaces along with the local sections of M' regarded as 
local sections of {H^^. 

With the obvious tensor unit and the obvious ACV constraints, these 
operations turn Hilb °°(X) into a tensor* category. It remains to define a 
tensor* functor /* : Hilb^jY) Wlb'^iX) for each smooth map / : X ^ F, 
along with suitable fibred tensor category constraints. 

Let ^ be a Hilbert field over Y . The pull-back of ^ along /, to be denoted 
by /*^, is the smooth Hilbert field over X whose associated bundle of Hilbert 
spaces is {Gf(^x)} and whose associated sheaf of sections is generated by the 
following presheaf of sections of the bundle {Gj^x)}'- 

(5.9) U ^ ^^{U){r] o f : r] e [T<:^]{V),V D f{U)}. 

For every morphism /3 : 5f ^ 5f ' of Hilbert fields over Y, the family of 
bounded linear maps defines a morphism : f*^ — > f*W of Hilbert 

fields over X. The operation ^ f*^ defines a "strict" tensor* functor of 
T-Cilb °°(Y) into Hilb °°(X), in other words one has the identities 

f*{^ ® = f*^ ® /*^', r(ly) = Ix and /*(^*) = if*^)*. 

Finally, the identities of tensor* functors 

(go IT = Fog* and idx* = M 

provide the required fibred tensor category constraints. 

The fibred tensor category X Ti.ilb °^(X) is a smooth tensor stack 
satisfying Axioms 15.11 15.21 and 15.41 However, as it does not satisfy the other 
axioms, it is not an example of a Euclidean stack. 
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5.9. Example: smooth Euclidean fields. Let Suc '^(X) denote the full sub- 
category of l-Lilh °°{X) consisting of all S" whose associated sheaf of sections 
VS" is locally finite. We refer to the objects of this subcategory as "smooth 
Euclidean fields" (over X). 

Observe that Euc ^jX) is a tensor* subcategory of Hilb °°(X). Indeed, 



since the smooth tensor stack of smooth Hilbert fields satisfies Axiom 15.11 
the locally finite ^^-module ®<:^^ TS" surjects onto the ^^-module 
r(c9' (g) S"). For similar reasons, for any map f : X Y the pullback functor 
/* : 2M^{y) 2M^{X) must carry £uc°^{Y) into £uc'^(X). 

The smooth tensor stack X i— > £uc °^(X) also satisfies Axioms [5^31 15.61 
and 15.71 and is therefore Euclidean. 

6 Construction of Equivariant Maps 

Let ^ denote an arbitrary Euclidean stack. is to be regarded as fixed 
throughout the entire section. 

6.1 Lemma Let Q be a (locally) transitive Lie groupoid, and let X 
be its base manifold. Take an arbitrary representation {E,g) G R^{Q). 
Then E is locally trivial in t?(X) . 

Proof Local transitivity means that the mapping {s,t) : Q ^ X x X is 
a submersion. Fix a point x E X. Since (x, x) lies in the image of the map 
(s, t), the latter admits a local smooth section U x U ^ Q over some open 
neighbourhood of {x,x). Let us consider the restriction g : U ^ Q of this 
section to U = U x {x}. 

Let X : -k ^ X denote the map -k \^ x. By Axiom 15.61 there is a 
trivialization for x*E in We pull g back to U along the smooth map g, 

and observe that there is a unique factorization oi t o g through * (collapse 
c : U ^ -k followed hj x : -k X). Since g is an isomorphism. 



E\u = iu*E = {so gYE = g*s*E g*eE = {t o gYE = 

= {xo c)*E ^ c*{x*E) ^ c*(l © • ■ ■ © 1) = It/ © ■ ■ ■ © It/ 



Let is '. S ^ X he an invariant immersed submanifold. The pullback 
of Q along is is well-defined and is a Lie subgroupoid of ^0 [Observe that 

^In general, a Lie subgroupoid is a Lie groupoid homomorphism {^p, /) such that both 
(p and / are injective immersions; compare for instance [15) . 



provides a trivialization for E\ij in d{U). 



q.e.d. 
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Q\s = = sg~^{S)] In the special case of an orbit immersion, will be 
transitive over 5*. Then the lemma says that for any (i?, q) G Ob R{Q) the 
restriction E\s is a locally trivial object of ^{S). 

6.2. Alternative description of representations. The notion of representation 
with which we have been working so far is completely intrinsic. We were 
able to prove all results by means of purely formal arguments involving only 
manipulations of commutative diagrams. For the purposes of the present 
section, however, we have to change our point of view. 

Let ^ be a Lie groupoid. Consider a representation s*E t*E of Q. 
Each arrow g determines a linear map Q{g) : Es(g) Et(g) defined via the 
commutativity of the diagram 



(6.1) 



[g*s*E].^[s{gyE]^^E,^g) 
[g*t*El^[t{gyEl^El^g^ 



[the notation f l3.10p is in use]. It is routine to check that the conditions i) 
and ii) in the definition of a representation (beginning of ^ imply that the 
correspondence g ^— g{g) is multiplicative, i.e. that Q^g'g) = g{g') o g(g) and 
g{x) = id for all points x of the base manifold X. 

Fix an arbitrary arrow go. Let ( G rE{U) be a section, defined over 
a neighbourhood of s{go) in X. Recall that, according to (13.181) . ( will 
determine a section ( o s E rg{s*E){Q^) at which the morphism of sheaves 
of modules Tg can be evaluated so as to get a section of t*E over . Now, 
Axiom 15.11 implies that there exists an open neighbourhood F of go in 
over which the latter section can be expressed as a finite linear combination 
with coefficients in C°°(F) of sections of the form Q o t, with (■ (i = 1, ■ ■ ■ , d) 
defined over t(T). In symbols, 

(6.2) [r^(r)](Co5|r) = Er.(C'ot)|r, 

i=l 

with ri, . . . ,rd G C°°(F) and ([,... X'd ^ [^E][t{T)]. This equality can be 
"evaluated" at g eT to get 

(6.3) 0{g)-asg) = j:r^i9)atg). 

1=1 

By Axiom [531 any multiplicative operation g t-^ g{g), locally of the form 
(16.31) . comes from a representation of Q on E. 
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6.3. Preliminary extension. Suppose Q proper hereafter. Fix a point Xq E X, 
and let Go denote the isotropy group at Xq. It is evident from (16.31) that 



(6.4) ^0:^0^6-1.(^0), g^g{g) 

is a continuous representation of the compact Lie group Gq on the finite 
dimensional vector space Eq (the fibre of E at Xq). 

Suppose another ^-action {F, a) is given, along with some Go-equivariant 
linear map Aq : Eq ^ Fq. Let 5*0 X be the orbit through xq. Our 
remarks about Morita equivalences in ^ say there exists a unique morphism 
A' : {E', g') {F', a') in R{Q') [the primes here signify that we are taking 
the corresponding restrictions to Sq] such that (A')o = ^o- In fact, for every 
point z E Sq and arrow g G Q{xq, 2;), one has 

(6.5) (A'). = a{g) ■ Aq ■ g^g)"' : E, F,. 

By Lemma [6?n E' is a locally trivial object of ^{Sq). Then Lemma [575] yields 
a global morphism a : E ^ F extending A' and hence, a fortiori, Aq. We 
proceed to "average out" this a to make it ^-equivariant, as follows. 

6.4. Averaging operators. Fix an arbitrary (right invariant, normalized) 
Haar system /i = {fi^} on the (proper) Lie groupoid Q. We shall construct, 
for each pair of ^-actions R = {E, g) and S = {F,a), a linear operator 

(6.6) Av = Av^ : Homj(M) {E, F) ^ Hom^(g) {R, S) 

(averaging operator), with the property that Av(a) = a whenever a already 
belongs to HomR(g) {R, S) . More generally, if S is an invariant submanifold 
over which a restricts to an equivariant morphism, Av(a)|5 = a\s. 

We start from a very simple remark. Suppose sections ( G rE{U) and 
Viy ■ ■ ■ yVn £ TF{U) are given such that rji, . . . ,r]n are local generators for TF 
over U. Then for each go G there exists an open neighbourhood F C 
of go along with smooth functions 0i, . . . , 0„ on F such that 

n 

(6.7) (^{gr^ ■ at{g) ■ g{g) ■ C{sg) = E <Pji9)Vj{sg) 

for all 5^ G F. To see this, note that — as observed in (16. 3p — there are an 
open neighbourhood F of 5^0 in and local smooth sections ([,... X'm of 

m 

E over U' = t{T) such that g{g)({sg) = ''"i{9)Ci{tg) for some functions 

i=l 

ri,...,r^e C^iT). For z = 1, . . . ,m, put r]'^ = ra{U'){Q) G rF{U'). Since 
F~^ is a neighbourhood of go~^, by using the hypothesis that the rj/s are 
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generators we can also assume T to be so small that for each i = 1, . . . ,m 

n 

there exist Si,i, . . . , s„,i G C°^(r~^) with (T{g~'^)r][{tg) = Sj,i{g~'^)r]j{sg) 

i=i 

for each g & This proves (16.71) . 

Put a = Fa. We can use the last remark to obtain a new morphism of 
sheaves of modules a : TE FF, as follows. Let C be a local section of 
E defined over an open subset U so small that by Axiom 15.71 there exists a 
system r]i, . . . ,rin of local generators for TF over U. For each go E , select 
an open neighbourhood T^go) along with smooth functions (pf' , . . . , (p^ G 
C°°(r(5fo)) satisfying (16. 7p . Then choose a smooth partition of unity over 

{6'i : i e /} subordinated to the T{go), and put 

(6.8) a{Um = t^jV3 where %(n) = / EHdWjig) dfi'^ig). 
j=i Jg^ iei 

Some arbitrary choices are involved here, so one has to make sure that this 
is a good definition. If we look at (I6.7p for x = s{g) fixed, we recognize that 
the operation g o'ig)'^ ■ o-tig) ■ Q{g) ■ C{^) defines a smooth mapping on the 
manifold with values in the finite dimensional vector space F^. For each 
V G Ex, there is some local section ( about x such that ({x) = v, so one is 
allowed to take the integral 



(6.9) >ix{v) = / (r{g) ^ ■ at(^gy Q{g) ■ v d^f{g). 

Jg^ 

This defines, for each base point x, a linear map : E^ ^ F^. Now 

n n r 

1=1 1=1 JC" i£l 



EH9)E<P'ji9)Vj{sg) dfi'^ig) 
gu i£i j=i 

= [ J:^^i9)Ui9r'■atig)■Qig)■asg)]d^l-{g) 

Jg^ i€l 

= ■ Ciu). 

It follows from Axiom [5^ that the section a{U){() in (16. 8p does not depend 
on any of the auxiliary choices we made in order to define it (as the x„ don't). 

We define Av(a) as the unique morphism a : E F with F(a) = a. 
[Its existence follows from the preceding computation and Axiom 15.31 its 
uniqueness from Axiom 15.21 ] It remains to show that Av^ is a projection 
operator onto Homij(g)(_R, S). We will leave the verification to the reader. 

Summing up 16.31 and 16.41 one gets 
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6.5 Proposition Suppose Q is proper, and let Xq be a base point. 
For each pair of Q-actions R = {E, g) and S = (F, a), and for each Gq- 
equivariant linear map Aq : Eq Fq, there exists in R{Q) a morphism 
a : R ^ S extending Aq. 

By applying the averaging operator to a randomly chosen Hermitian metric, 
we get the existence of invariant metrics 

6.6 Proposition Let R = {E, g) be a representation of a proper Lie 
groupoid Q. Then there exists a Q-invariant metric on E, that is, a metric 
on E which is at the same time a morphism R® R* 1 in R{Q). 

By a ^)-invariant partial section of E over an invariant submanifold S of the 
base of Q we mean a section of E\s over S which is at the same time a 
morphism in R{Q\s)- Lemma [5.51 in combination with 16.41 yields 

6.7 Proposition Let S be a closed invariant submanifold of the base of 
a proper Lie groupoid Q . Let R = {E, g) be a representation of Q. Then 
each g-invariant partial section of E over S can be extended to a global 
g-invariant section of E. 

A function if defined on an arbitrary subset of a manifold X is called 
smooth when for each x & X one can find an open neighbourhood U of x in 
X and a smooth function on U which agrees with ip on U H S. 

6.8 Proposition Let S be an invariant subset of the base manifold X of 
a proper Lie groupoid Q . Suppose ip is a smooth invariant (viz. constant 
along the Q-orbits) function on S. Then there exists a smooth invariant 
function extending ip on all of X . 

Proof Average out any smooth extension of ip obtained by means of a 
partition of unity over X. q.e.d. 

7 Fibre Functors 

We keep on working with a generic Euclidean stack ^. Let M be a paracom- 
pact smooth manifold. 

7.1 Definition By a fibre functor {of type ^) over M, or with base M, we 
mean a faithful tensor* functor 

(7.1) LJ-.C^diM) 

defined on some tensor* category C. 
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When a fibre functor a; is assigned over M, one can construct a groupoid 
T(cj) having the points of M as base points. Under reasonable assumptions, 
it is possible to endow T{u) with a natural structure of topological group- 
oid; the choice of a topology is dictated by the idea that the objects of C 
should give rise to continuous representations of T{uj) and that, vice versa, 
continuity of these representations should be enough to characterize the to- 
pology. An improvement of the same idea leads one to introduce a certain 
C°° functional structure on the space of arrows of T{uj). (Recall §1.11 and 
§1.2[ ) When T{uj) is a C°°-groupoid relative to this particular C°°-structure, 
we say that w is a C°° fibre functor. In detail, these constructions read as 
follows. 

7.2. The Tannakian groupoid T{uj). Let a; be a point of M; the same symbol 
will be used to denote the corresponding (smooth) map * — > M. Consider 
the tensor* functor (cfr §3.31 and §5.6p 

(7.2) ^(M) — > {vector spaces} , E ^ E^. 
Let denote the composite tensor* functor 

(7.3) C ^ diM) {vector spaces} , R ^ (a;(i?))^. 

We define two groupoids T{uj; C) and T(a;; IR) over M by putting 
(7.4) 

r(a;;C)(x,x') = Iso^(a;,, a;,,) and T(lc;; R)(x,x') = Iso®'*(a;,., a;,,) 

where x, x' G M. (Recall that the right-hand term in the second equality 
denotes the set of all self-conjugate tensor preserving natural isomorphisms.) 
By setting (A' ■ \){R) = A'(-R) o X{R) and x{R) = id, in each case we obtain 
a structure of groupoid over M. The relationship between T{uj; C) and its 
subgroupoid T{uj; R) can be clarified by introducing the "conjugation invo- 
lution" of T{uj] C): this sends an arrow A to the arrow A defined by setting 
A(i?) = X{R*)* [up to =]. The elements of T(a;;IR) are the fixed points of 
the conjugation involution. 

The groupoid T{(jJ; R) shall be referred to as the Tannakian groupoid 
{associated with uj). We will abbreviate T(a;; IR) into T{uj). 

7.3. Representative functions. Let R G Ob(C) be arbitrary and let (j) be 
any metric on uj{R). For each pair of global sections (,(' ^ T{u}R){M) we 
introduce the function 

(7.5) r^,^,c,c, : T(a;) ^ C, X ^ {X{R) ■ C{sX),C{tX))^ 

^=^0,(,)(A(i?)-C(^A),C'(tA)). 
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We put 



(7.6) ^ = {ri?,0,^,^/ : R G Ob(C), (f) metric on U3{R), C, C' e r(wi?)(M)}. 

We call the elements of l3S representative functions. Observe that is a 
complex algebra of functions on T(a;), closed under the operation of taking 
the complex conjugate. This implies that the real and imaginary parts of 
any function of 3^ also belong to M. Thus, if we let R[M] C M denote the 
subset of all real valued functions, we have M = C® 

7.4. Topology and C°° -structure. We endow T{uj) with the smallest topology 
making all representative functions continuous. As a consequence of the 
existence of metrics on any object of i?(M), the topological space T{uj) is 
necessarily Hausdorff. The functions in ¥\M] generate a functional structure 
on the space T{u}). One can complete this functional structure to a C°°- 
structure 3?°° as explained in §1.11 

We remark that the source map of the groupoid T(a;) is a morphism of 
C°°-spaces relative to the C°*^-structure The same statement is true of 
the target map and the unit section. However, without stronger assumptions 
on the fibre functor uj we are at present unable to show that T{uj) is a C°°- 
groupoid relative to It might be the case that not every fibre functor is 
C°°. We will see later on that the standard forgetful functor associated with 
a "reflexive" groupoid is always a C°° fibre functor. This is in fact the only 
case of interest in connection with the proof of our reconstruction theorem. 

7.5. Invariant metrics. Let R G Ob(C). We say that a metric on iij{R) 
is -invariant if there is a Hermitian form m : i? ® -R* — > 1 such that 
coincides with the induced form 

(7.7) u;{R)0uj{Ry = u:{R0R*) ^^uj{l) = l. 
Note that, by the faithfulness of uj, there is at most one such m. 

7.6 Definition A fibre functor uj : C — > t^(M) will be called proper if 

i) the continuous mapping (s, t) : T{uj) ^ M x M is proper, and 

ii) for every R G Ob(C), the object uj{R) supports an LJ-invariant metric. 

We can express the second condition more succinctly by saying that "there 
are enough cj-invariant metrics". 

7.7. Example. As an example of a proper fibre functor, we mention [recall 
^ the standard forgetful functor Fg : R{G) — > i?(M) associated with the 
representations of type of a proper Lie groupoid Q over M. 
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To begin with, we observe that there is a homomorphism of groupoids 



(7.8) 



g 



which sends g to the natural transformation assigning each object {E, g) of 
the category R{g) the isomorphism g{g) [cfr §6.2| . This homomorphism is 
evidently a morphism of C°°-spaces and, in particular, a continuous map. 
It will be established in the next section that (17. 8p is a surjection. The 
properness of (s, t) : T(Fg) — > M x M is then an immediate consequence of 
the properness of {s,t) : g ^ M x M. The existence of enough invariant 
metrics has been proved in the preceding section (Proposition 16.61) . 

Let C be the set of all representative functions of the form r^j 
where is an a;-invariant metric. Note that 3?' is a subalgebra of 3? closed 
under complex conjugation. 

7.8 Lemma Let uj be a proper fibre functor. Then the topology intro- 
duced in ^7A\ coincides with the smallest topology on T{ijj) making all 
the elements of Si' continuous. 

Proof The algebra of continuous functions separates points because 
of the existence of enough w-invariant metrics. Then, for every open subset 
fl with compact closure the involutive subalgebra e^'jy C C°(f2) formed by 
the restrictions to the closure fl of elements of is dense in the subspace 
= {'^In • ^ ^ ^} with respect to the sup-norm, as a consequence of the 
Stone-Weierstrass theorem. 

The subsets of the form T{u})\uxU', where U and U' are open subsets of 
M with compact closure, are certainly open and of compact closure, as well 
as open relative to the topology associated with Let fl be any one of 
these open subsets. We claim that both topologies agree on fl. Indeed, for 
each r G the restriction r\Q must be a uniform limit of functions which 
are continuous for the topology, and hence r itself must be a continuous 
function for the topology. q.e.d. 

7.9. Remark. Each arrow A of the groupoid T{uj) acts as a unitary trans- 
formation with respect to all cj-invariant metrics. More explicitly, for every 
R G Ob(C) and cu-invariant metric on ci;(i?) one has 



We use this remark in the proof of the following 

7.10 Proposition Let uj be a proper fibre functor. Then T{uj) is a 
topological groupoid. 



(7.9) 




39 



Proof (a) Continuity of the inverse map i. By Lemma 17.81 it suffices 
to prove that the composite r o z is continuous for every r = tr^^^q^qi with 
a;-invariant. This is clear, for by Remark 17.91 



(b) Continuity of the composition map c. We start with a preUminary 
observation. 

Let R G Ob(C). Let be any cu-invariant metric on uj{R). For any given 
arrow A : x — x' in T{uj) we can fix a local 0-orthonormal frame ([,... X'd 
of sections defined over some neighbourhood U' of x'. [See §5.4[ ] Choose an 
open neighbourhood Q of A such that t{Q) C U' . Let C be a global section of 
u}{R) and let {i = 1, . . . ,d) he arbitrary continuous functions on fl. The 
function 



/i(i?)-CM-E'^i(/^)C'(^/i) 

i=l 



(7.10) /X h 
is certainly continuous; indeed, by (17.91) . its square is 

\asf,)\' - 2j]gf?e \Mf^{^i{R)C{sfi),atfi))] + E |$.(/i)r. 

Upon making the substitution = (/i(-R)C(s/i), Ci(^At)) in (I7.10p . we get 

a function vanishing at A since by construction the vectors Cii^') constitute 
an orthonormal basis. 

Now, we have to check the continuity of all functions of the form 

(7.11) ifi', fl) ^ {rR,,i>,c,v ° c)(/i', /^) = (/i'(^) ■ f^{R) ■ C{sfi),ri{tfi'))^ 

A A' 

with (j) a;-invariant. Let x — > x' — > x" be any pair of composable arrows. 
By the foregoing observation and (17. 9p . we see that for each e > there is a 
neighbourhood fi^ of A such that for all composable (/i', /x) with fi E fie the 
value of the function ( 17. lip at (//', /x) differs from 

d d 
i=l i=l 

by Ce at most, where C is a positive bound for the 0-norm of the section rj 
in a given neighbourhood of x". q.e.d. 
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8 Proof of the Reconstruction Theorem 



We start with some results which hold for an arbitrary Euclidean stack ^. We 
introduce the shorthand T{Q) for the Tannakian groupoid associated with 
the standard forgetful functor (of type ^) of a Lie groupoid Q. 

8.1. The enveloping homomorphism. The canonical homomorphism 



is defined by means of the identity TTg{g){E, g) = g{g). [Recall Example 17.71 ] 
We shall refer to TZg as the enveloping homomorphism {of type ^) ofQ. 

8.2 Theorem Let Q he a proper Lie groupoid. Then the enveloping 
homomorphism of Q is a surjection. 

Proof To begin with, we prove that whenever Q{x,x') is empty, so must 
be T{Q){x,x'). Let ip : QxU Qx' ^ C be the function which takes the value 
one on the orbit Qx and the value zero on the orbit Qx' . This function is 
well-defined, because Q{x,x') is empty. By Corollary 16.81 there is a global 
invariant smooth function $ extending (/?. Being invariant, $ determines 
an endomorphism a of the trivial representation 1 G Ob R{G) such that 
ttz = ^{z)id for all z (thus, in particular, ax = id and Qx' = 0). Now, 
suppose A G T{Q){x,x'). Because of the naturality of A, the existence of the 
morphism a contradicts the invertibility of the linear map A(l). 

We are therefore reduced to proving that the induced isotropy homo- 
morphisms ng\x '■ G\x T{Q)\x are surjective. This is now a direct conse- 



8.3 Definition We say that a Lie groupoid Q is reflexive or self-dual 
{relative to when its enveloping homomorphism is an isomorphism of to- 
pological groupoids. 

8.4 Theorem Let Q he a proper Lie groupoid. Then in order that 
Q may he reflexive it is enough that its enveloping homomorphism he 
injective. 

Proof The continuity of izg is obvious, hence what we really have to 
show is that for each open subset F of ^ and for each point go the image 
7rg(r) is a neighbourhood of TTg{gQ) in T{Q). 

Let go G Q{xo,xo'). We start by observing that it is possible to find a 
representation R = {E, g) whose associated Xo-th isotropy homomorphism 



(8.1) 



TTg : G 



T{G) 




q.e.d. 
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Qo '■ 0\o GL{Eq) is injective. [Compare the proof of Proposition 12.31 and 
also §4.1[ ] Fix an arbitrary metric (j) on E and local 0-orthonormal frames 

Ci, . . . , Cd about Xf) and ([,... ,(d about Xq' . 

Choose any compactly supported smooth function ^ a ^ 1, resp. ^ a' ^ 1 
with support lying close enough to xo, resp. xq' and such that a{z) = 1 
z = Xq, resp. a'{z) = 1 4^ z = Xq . Then put 

def def def def / \ / / » \ 

Qi,i' = Ti^i' oTTg = rj{,0,o,4'/ o TTg, and = o ttq = [a o sg){a o tg) 

with L = or l' = 0. Finally, let u^^^' = f?(.,t'(5'o) for ^ l, l' ^ d. 

We claim that there exist open disks -Dt,t', with D^ ,,/ encircling the com- 
plex number (jJ^,,,', which satisfy 

(8.2) fl c r. 

Once this claim is proven, the statement that T^giT) is a neighbourhood of 
7rg{go) will be proven as well. Indeed, by Theorem 18.21 we have 

where each r\ ,^r^{D^^i,i) is an open neighbourhood of TZg^go) in T{Q). 

In order to establish (18. 2p . we fix for each ^ i, i' ^ a decreasing 
sequence of open disks centred at u^^^i 

(8.3) ■ ■ ■ c c A,/ c • • ■ C D,/ c C 

with radius converging to zero. If we agree that -Dt,t'^ has radius \ then 

(8.4) f|r,,-i(A7) -r (P=l,2,...) 
is a closed subset of the compact space Q{K,K') where K = supp a and 

oo 

K' = supp a'. The intersection fl is empty because of the injectivity of 

p=i 

the map G{xo,xq) — > Iso{Exq, E^cg'), g ^ g{g) and the choice of a, a'. Thus, 
there must be some p such that = 0. This proves the claim. q.e.d. 

In §7.71 we remarked on passing that TZg is a morphism of C°^-spaces. This 
is in fact true for an arbitrary, not necessarily proper Lie groupoid Q. One 
may wonder whether more can be said when Q is reflexive. 
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Hereafter we shall freely make use of some notation introduced in the 
context of the preceding proof. We define the smooth mappings 

(8.5) g'lV-ji-.g — > M X M X End(C'^), 

9 ^ {sig); tig); gi,iig), • • • , ^/(s'), • • • , Qd,dig)) ^ 

where M is the base of Q, and introduce the abbreviations ( = Ci, • • • ,Crf? 
( = ([,..., (d- If the homomorphism TZg is faithful, Lemma 12^41 implies that 
for each arrow go there exists a representation R = (E, g) such that the map 
Q{xo,Xo') — > lso{ExQ, E^^'), g i— >• g{g) becomes injective when restricted to 
a sufficiently small open neighbourhood of go. 

8.5 Lemma Suppose the map Q{xo,xo') Iso^E^g, E^g') , g ^— g{g) is 
injective near g^. Then (18.51) is an immersion at go. 

Proof Fix open balls U and U' centred at xq and xo' respectively, so 
small that the sections (i, . . . ,(d (resp. ([,... X'd) form a local orthonormal 
frame for E over U (resp. U'). Up to a local diffeomorphism, the map (18. Sp 
has the following form near go, provided U is chosen small enough: 

(8.6) f/ X R'^ ^ t/ X f/' X End(C'^), {u,v) ^ {u;u'{u,vy, q{u,v)) , 

where Q{g) denotes the matrix {Qi,i'{g)}i<i^i'<d- Evidently, (18.61) is immersive 
at go = {xo,0) if and only if the partial map v ^-^ (^u'{xo,v); q{xq,v)) is 
immersive at zero. We are therefore reduced to showing that the restriction 
of ( 18. 5p to Q{xo,-) is immersive at go. 

Let G be the isotropy group of Q at Xq. By choosing a local equivari- 
ant trivialization Q{xo, S) ^ S x G where S' is a submanifold of U' passing 
through Xo', the restriction of (18.51) to Q{xo,-) takes the form 

(8.7) S xG^U'x EndiC'), (s, g) ^ {s; gis, g)) . 

This map is immersive at go = (xq', e) if and only if so is at e the partial map 
g \—>- Q{xo,g), where e is the unit of the group G. Thus, it suffices to show 
that the isotropy representation G —>■ GL{Ex^^) induced by g is immersive at 
e. By hypothesis, this representation is injective in an open neighbourhood 
of e and hence our claim follows at once. q.e.d. 

Let an arrow Aq G T{Q) be given. We contend that there exists some open 
neighbourhood Vt of Aq such that (f2,^^) is isomorphic, as a C°^-space, to 
a smooth manifold {X,^^)- 

Since Q is reflexive, there is a unique go & G such that Aq = TTg{go). 
By Lemma [8.51 and the remarks preceding it, we can find some R for which 
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there exists an open neighbourhood T of go in Q such that g^^, induces a 
diffeomorphism of T onto a submanifold X of M x M x End(C'^). Define 

(8.8) rjj-^/, : T{g) — >Mx Mx End(C'^), 

A H-> (s(A); t(A);ri,i(A), . . . ,ri^i/(A), . . • ,rd,d(A)). 

This map is evidently a morphism of C°°-spaces. By the reflexivity of 
TZg induces a homeomorphism between T and the open subset fl = 7rg(r) 
of T{Q). Clearly, f)^, |r = r'^i\n o 7rg|r and so r^, |q yields a homeomorphism 
between and X. 

We claim that the map r^,\n is the desired isomorphism of C°°-spaces. 
(a) In one direction, suppose / G C°°{X). Because of the local character 
of the claim, it is no loss of generality to assume that / admits a smooth 
extension 

/G C°°(M X M X End(O), 

thus / o r^,|j7 = / o r'^iln is evidently an element of (b) Conversely, 

let / : X — i> C be a function such that / o r^, |n belongs to Since TZg 

is a morphism of C°^-spaces, the composite / o r^,|f7 o 7rg|r = / o f?^/|r will 
belong to C°°{r). As g'^,\r is a diffeomorphism, it follows that / G C°°(X). 
The claim is proven. 

Summarizing our conclusions: 

8.6 Proposition Let Q be a reflexive groupoid (DeGnition \8.3\) . Then 
the enveloping homomorphism TZg is an isomorphism of -spaces; it 
follows that the Tannakian groupoid T{Q) is a Hausdorff Lie groupoid, 
isomorphic to Q. 

We shall now turn our attention to a very delicate issue, namely the injec- 
tivity of the enveloping homomorphism. Clearly, TZg is injective if and only 
if Q admits enough representations; this means that for each x G M and 
g ^ X m the x-th isotropy group of Q there is a representation {E, g) such 
that g{g) ^ id E Aut(-E'^). For a generic Lie groupoid this property 
dramatically depends on the type of representations one is considering. 

We claim that each proper Lie groupoid admits enough representations 
on smooth Euclidean fields (cfr §5.9p . For the rest of the section, we shall 
exclusively deal with such representations. 

8.7. Cut- ojf functions. We begin with some preliminary remarks of a purely 
topological nature. Let ^ be a proper Lie groupoid over a manifold M. 
Recall that a subset 5" C M is said to be invariant when sES^g-sES 
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for all arrows g. If 5* is any subset of M, we let ^ ■ S* denote the saturation 
of 5, that is to say the smallest invariant subset of M containing S. The 
saturation of an open subset is also open. It is an easy exercise to show 
that ^ ■ = ^ ■ for all open subsets V with compact closure. It follows 
that if U is an invariant open subset of M then U coincides with the union 
over all invariant open subsets V whose closure is compact and contained in 
U. The last remark applies to the construction of ^-invariant partitions of 
unity over M; for our purposes, it will be enough to illustrate a special case 
of this construction. Consider an arbitrary point Xq G M and let U be an 
open invariant neighbourhood of xq. Choose another open neighbourhood V 
of Xq, invariant and with closure contained in U. The orbit Q ■ Xq and the 
set-theoretic complement CV" are invariant disjoint closed subsets of M, so 
by Corollary 16.81 there exists an invariant smooth function on M which takes 
the value one at xq and vanishes outside V. 

8.8. Extendahility of proper Lie groupoid actions on smooth Euclidean fields. 
Let ^ be a proper Lie groupoid, with base M. Suppose we are given a 
"partial" representation {S'u,gu) of Q\u on a smooth Euclidean field S'u over 
U, where U is an invariant open neighbourhood of a point Xq in M. We want 
to show that there exists a "global" representation g) of ^ on a smooth 
Euclidean field S" such that (<%)o = {^u)xo ^ind = ^xo are isomorphic 
G-modules, where G is the isotropy group of Q at xq. 

To begin with, we fix any invariant smooth function a G C°°{M) with 
a(xo) = 1 and supp a C U (cut-off function). Let V denote the set of all 
X such that a{x) ^ 0. Define S'^ to be the fibre {(S'u)^. if x E V and {0} 
otherwise. Let FS' be the following sheaf of sections of the bundle {S'^}: 

(8.9) W ^ {"prolongation of aC by zero" : C e r(4/)([/ nW)}. 

These data define a smooth Euclidean field ff over M. Define g{g) to be 
gu{g) if g e Q\v and the zero map otherwise. The bundle of linear maps 

{g{g):{s*<ff),^{t*<^),} 

will provide an action of ^ on (p' as long as it is a morphism of smooth 
Euclidean fields over Q of s*(S into t*S . Now, by the invariance of a and the 
local expression (16.31) for gu, one has 

d d 

Q{g)[<{.sg)] = a{sg)g{g)C{sg) = a{tg)^r,{g)Cl{tg) = E '"»(^)Ki(^^)]: 

1=1 i=l 

as desired. Finally, the identity S'q = {S'u)xo (by construction) is a G- 
equivariant isomorphism. 
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Putting Theorem 18.41 Proposition 18.61 the considerations of §1.51 and those 
of the last subsection together, we conclude 

8.9 Theorem (Reconstruction Theorem) Within the type £uc °° of 
smooth Euclidean Gelds, every proper Lie groupoid is reflexive, that is 
to say C°° -isomorphic to its Tannakian groupoid via the corresponding 
enveloping homomorphism. 

Proof A faithful representation G ^ GL{E) of a compact Lie group 
G on a finite dimensional vector space E induces, for any smooth action of 
G on a smooth manifold V, a faithful representation of the action groupoid 
G \>< V on the trivial vector bundle V x E. q.e.d. 
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